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Abstract We present theoretical methods and computa-
tional strategies of the effects of nanoparticles on linear
optical properties of molecules. We present quantum
mechanical-molecular mechanics response methods for
calculating electromagnetic properties of molecules inter-
acting with nanoparticles and we report strategies for cal-
culating electronic and redox states of molecules sandwiched
between gold nanoparticles.

Keywords QM/MM response - Sandwiched molecule -
Optical properties

1 Introduction

Our primary focus is to present theoretical methods and
computational strategies for investigating the molecular
properties related to electron transfer or electron conduc-
tance of organic molecules sandwiched between nanopar-
ticles. Our approach only considers the transport of a
single-electron and not on two-electron transfer mecha-
nisms. On the basis of these investigations, we wish to
understand in detail the mechanisms by which the
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electronic and redox states of the organic molecules
influence the transport behavior of the molecular devices.

The functions of devices and materials are usually
through the bulk properties of the materials. Within
molecular materials, the functionalities of the materials are
based on the molecular properties of the molecular com-
ponents or units. The properties of the molecular compo-
nents or units are strongly associated with the nature of the
electrons affiliated with the molecular unit. Therefore, the
molecular structure, the redox state, electron conjugation,
the spin state, localized and delocalized electrons will give
for biologists, chemists and physicists a huge number of
variables to vary in order to obtain materials having the
desired function. Each molecule has its own molecular
property and is the smallest building block of the material.
All molecular units have their own molecular properties,
and the molecular units can perform differently depending
on the electronic structure, redox state, nuclear distortions
and molecular structure, which relate to different electronic
states, oxidation processes, vibrational or rotational exci-
tations and how the molecular units are joined. The
molecular units are initially in a specific quantum state at a
given time, and the property of the material will be related
to the transition of the molecular units from one state to
another. For electronic device materials, it is obvious that
electron transfer through molecular units is of great interest
and seeing how computer chips are getting smaller and
smaller it is even more relevant to construct transitors
consisting of a single molecule or aggregates of molecules
where one could investigate how the electron transport
takes place through chemical bonds or vacuum [1]. The
present work does not focus on biological systems where
the functional unit, the protein, has a most more complex
behavior but extending the presented model to proteins and
biological systems would be of interest in our future work.
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One of the most important chemical processes involving
molecules is electron transfer, and it occurs in photosyn-
thetic systems of plants, metabolism, electrochemical
processes, photography, organic and inorganic chemical
reactions along with molecular conductance. For more than
50 years, research groups have investigated the mecha-
nisms of electron transfer and presently electron transfer
processes between molecules in solution, in the gas phase
and in proteins can be controlled in terms of the free energy
differences, distances and relative orientations between the
electron donor molecule and the electron acceptor mole-
cule [2-7]. Utilization of spectroscopic methods having
high temporal resolution has added another dimension to
the understanding of electron transfer reactions since
electron transfer reactions do not necessarily occur during
equilibrium conditions but in some cases electron transfer
occurs faster than solvent motion. Therefore, theoretical
descriptions based on the stochastic motion of molecular
systems and crossing between the reactant and the product
on the multidimensional potential energy surface have been
advanced, and they form a solid theoretical foundation for
the understanding of electron transfer in the gas phase, in
solution and within proteins [8—12].

In recent years, several experimental groups have reported
measurements of the current-voltage (I-V) characteristics of
individual or small numbers of organic conjugated molecules
placed in a metallic junction [13-24]. Thereby, the organic
molecular components act as a medium participating in the
transport of electrons while being located between the
metallic electrodes. This interest is due to the fact that a
molecule can act as a conductor, and understanding the
properties of the molecular transistors will lead to forming the
building blocks for future nanoelectronic devices. Compared
to the research concerning electron transfer between mole-
cules in solution, this research field has only been active for
about 40 years and it still holds a lot of unanswered questions
that need to be addressed in order to achieve material devices
of benefit to the human society [25-29].

Despite the fast developing field of quantum mechanics,
there is still limited correspondence between experimental
and theoretical investigations of these conductance junc-
tions but few recent investigations have approached this
issue [30]. This is due to the many obstacles arising from
both transport theory and the calculation strategies of the
desired molecule properties needed for understanding how
the sandwiched organic molecule is able to participate in
the transport of electrons. Firstly, it is important to propose
a proper transport theory that covers the different con-
ductances regimes: the coherent and the Coulomb blockade
regimes. Secondly, the effects on the molecule caused by
electrodes should also be considered. Thirdly, as the
desired transport theory has been established, the quantum
mechanic obstacles emerge and one question concerns which
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molecular geometry should be chosen since the geometry
under conduction changes. Often, the molecular geometry is
optimized for an isolated molecule. The second question
concerns how one should include the molecular response of
the molecule while being in a junction. The third question
concerns the problems that emerge when several redox states
have to be calculated since they contain charged molecules
and molecules with unpaired electrons and this has recently
been addressed by Saitoet al. [31]. This is normally a problem
for the conventional methods involving solid-state physics
approaches.

In this presentation, we describe the single-molecule
junctions in the Coulomb blockade regime, i.e., the single-
electron transistor (SET), in the context of the theoretical
framework and propose a new strategy connecting the
experiments with a recently established theoretical strategy.
We have shown [32] how we are able to construct the known
Coulomb diamonds based on quantum chemical calculations
by considering the combined quantum mechanical and
molecular mechanics method (QM/MM), which provides a
method that includes the interactions between the electrodes
and the molecule [33-44].

In this investigation, we illustrate how to describe
molecular and environmental structures using a quantum
mechanics/molecular mechanics (QM/MM) model where
metal electrodes are given by an atomistic description. We
have utilized these approaches at different levels of elec-
tronic structure when investigating linear and non-linear
optical properties of molecules in solution [45-53].

Our strategy for investigating organic molecules sand-
wiched between metallic junctions is to treat the organic
molecule fully quantum mechanically at the level of density
functional theory [54, 55, 60], and the electrodes are treated ata
classical level and represented as a structured atomistic envi-
ronment. The properties of each atom in the metallic junction
are given by an isotropic atomic polarizability, and we include
the electromagnetic response of the electrodes as a dynamic
electric field in the electronic structure calculation. Finally, we
solve the entire system self-consistently [43—48, 50-53, 65, 66,
67]. On the basis of calculated molecular properties using the
QM/MM response approach, we utilize the non-equilibrium
Green’s function method to calculate the conductance of the
molecular system [14-16, 27, 33—44]. In order to obtain
accurate descriptions of the molecular properties using
response methods based on density functional theory, we apply
the CAM-B3LYP functional that has been shown to provide
accurate descriptions of molecular properties [56, 57].

2 The QM/MM method

The complexity, due to many electrons, of large-scale
systems provides a substantial computational effort in
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calculating the property of interest using accurate quantum
mechanical methods. Therefore, introducing a QM/MM model
combining the more flexible quantum mechanics with the
simpler molecular mechanics approaches is advantageous
[59]. The two regions are chosen such that the chemical part of
interest is treated with quantum mechanic (QM), hence
described by a method of higher accuracy, and the less inter-
esting part with molecular mechanics (MM). In this presen-
tation, the gold clusters are treated with MM and the respective
molecule with QM, which is due to the fact that the chemical
part of interest is the region between the electrodes where the
molecular electron transport takes place. For the cases where it
is crucial to address the quantum mechanical nature of the
interactions between the molecule and the nanoparticles, we
include some of the nearby metal atoms in the quantum
mechanical part of the system. For modeling the effects of
interfaces, it is necessary to include in the interaction operator
terms that include dipole- and quadropole interaction terms.

2.1 Outline of the QM/MM method

The system is divided into two regions: (1) a region treated
with quantum mechanics and (2) a region treated classi-
cally utilizing molecular mechanical force fields. Thereby,
we have three contributions to the total energy:

E:EQM +EMM+EQM/MM (1)

where Enpy is the energy of the MM region, Eqgy is the
energy of the QM region and the last term Eqpmmm is the
interaction energy of two regions. To obtain this energy,
the Hamiltonian is presented in a similar form

H= I:IQM + Hyim + I:IQM/MM (2)

The QM region is described by the many electronic
Hamiltonian of the molecule in vacuum and the MM region,
and QM/MM interaction will be treated in the following
sections. Through the presentation of the respective parts of the
equation above, we introduce the following interaction tensors

o R“
. 3R,Rs — R“6,p
By 15R“R/;R»y. —3R? (Rocé/;y + R/;éw + RV(S,,;)
S 1
T — F (105R1R/;R7R5 — 15R? (RxRﬁ&/(; + RaRyép(;
+ RKR(séﬁy + R/;Ryémj + R/;R(;éa., + R7R551[;)
+ 3R} (3205 + 0y0ps + 0150p;)) (7)

where R is the distance between e.g., two sites and will be
denoted with a subscript indicating which distance is
referred to, hence Ty = ﬁ and R, is the o component
of the distance vector. The symbol .5 denotes the
Kronecker delta.

2.1.1 Molecular mechanics

In the MM treatment, the Hamiltonian is divided into two
main parts: the intermolecular and the intramolecular parts

Hym = Hyyi + Hyng (8)
and thereby the energy:

Enm = Exyt + Eyig )
where the intramolecular contribution is divided into [61]:

Exii = Exiv + Exivi + Exiv + Exie (10)

where the term Ejf,, is the energy contribution from the

molecules stretching, EY is from bending of the mole-
cule, E\jy; is from torsional rotation within the molecule
and the last term is due to the coupling between stretching,
bonding and torsional, because they are not independent of
each other. However, the MM region in this presentation,
the gold region, is frozen, and hereby, the intraenergy will
be constant and hence will be ignored since energy dif-
ferences and molecular properties of the sandwiched
organic molecule are our focus.

The intermolecular energy is also split into different
terms:

Exivi = Exiv + B + B (11)

where ESj,, is the electrostatic energy, E}E\’,(fllvI is the
polarization energy also known as the induction energy
and last term, EYo, is the van der Waals energy. The
electrostatic energy can be illustrated as a site in the MM
region at a position r, and a another site at position
ry, where the total electrostatic energy is obtained by
summing over all the atomic sites in the MM region
[62, 64]
q'Twq' +q'Thu, — wThq' +1q'T% O,
1 o, 4 s o, / s afly
Ei’IM = Z Z Z 7#27‘555“7; +%®y/)’Tsx/’;qs +%®aﬁTss{; ‘Ll;
s 8> safy L, sThr@s | 1S 7490
- §luclTsx’ By + §®x{3Tsx’ G),()
(12)
Here, the tensor notation has been used to give the inter-
action distance between two sites s and s’. The charge at
site s is given by ¢°, i, is the o component of the dipole
moment at site s and @‘;ﬂ is the quadrupole moment at the

same site. It is clear that Eq. 12 gives the possible inter-
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action between two sites with the first term representing the
point charge—point charge interaction and second term the
point charge—dipole interaction. Since the above equation
comes from an expansion of Taylor series [62, 64], it could
be continued to obtain expressions for higher-order multi-
poles, which is the case for many of the following
expressions in this section; however, we have in this pre-
sentation chosen to stop at the quadrupole moments.

The induction describes the changes in the charge dis-
tribution arising from the existence of an external electric
field. The linear dipole approximation is then used to
describe the induced dipole as a linear function of the total
applied electric field [62, 64]

md s Z O(aﬁFtOt rx (13)

where Fy'(ry) is the # component of the total electric field

at the polarizable site s and « is the polarizability tensor.
The polarization/induction energy is then given by [62, 64]

1 ind,s d,
Efpy = —Z Z Z(u‘“‘“T?«q — ey (uﬁ + gt )

s s >s afy
1 ind,s oy oy
+sueTle), (14)

where ¢° is the point charge on site s, ,uj; is the dipole on

ind,s

site s, ui'®* is the induced dipole on site 5" and @S/y is the

quadrupole moment on site s' just like in the electrostatic
expression.

The van der Waals energy Eyby is the term that
describes the repulsion or attraction between non-bonded
atoms. As the distance increases between two atoms, the
van der Waals energy should become smaller, hence zero
within large interatomic distances. For short distances, it
should be very repulsive, due to the overlap of negative
electron clouds; however, there is a slightly attraction due
to the induced dipole—dipole interactions [61], even for a
molecule without a permanent dipole. This is due to the
fact that motion of electrons will create a small uneven
distribution at some point; this is often referred to as dis-
persions forces.

Several functionals are known, which obey these
requirements but one of the most popular is the Lennard—
Jones potential [63]

Bss’
Z Z |R R |12 |Rs _ Rs’|6 (15)

s s>

vdw
E, MM —

where A,y and B,y are the interaction coefficients, and the
summations cover the van der Waals interaction between
the classical sites. The first term is the repulsive part, and
the second term is the attraction part. For the cases where
chemical bonds are formed between the nanoparticles, we
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include the nearby metal atoms in the QM part of the
system in order to describe properly the chemical bond
between the metal atoms and the molecular subsystem.

2.1.2 The model for the QM/MM interactions

Like in the MM Hamiltonian, the QM/MM Hamiltonian is
separated into severals terms

yvdw

Y 2 ypol
Hom/sv = Honnaw + Hov v + HOM (16)

The H¢ QM/mm term describes the electrostatic interactions,
Hpol
QM/MM
Waals interactions between the MM region and the QM region.
The Hamiltonian for the electrostatic interactions is
separated into two parts, which is convenient when the
energy has to be evaluated.

1,i
Hf)M/MM (]7)

the polarization energy and Hé%V/MM the van der

1 yel
HCM/MM =H 1\,/[7[/MM +

The first term represents the contribution from the QM
nuclei and the second term the contribution involving the
electrons of the QM system. The first term is given as [62,
64]

yel,m
H QM/MM

- <z Tpsq’ +Zz T* 1 4~ Zz T“/j@;ﬁ>
ms af
(18)

here the convenience becomes obvious because of the
evaluated energy; hence, the expectation value is the exact
same expression as the Hamiltonian because the Hamiltonian
does not depend on the electronic coordinates. On the other
hand, we have the contribution involving the electrons of the
QM subsystem

- Z ( Hq + Z lSIu(X 3 Z Taﬁ@x/i)
(19)

and to obtain the energy we evaluate the expectation value
as [64]

el -
HQM/MM =

el,i
EQM / MM —

/ p(r Z( isq’ +Z< T ;ZTﬁ/f@);ﬁ))dr
uff
(20)

where the point charge and the multipoles at the sites in the
MM region are given and the electron density is p(r).

The polarization energy is obtained from the expectation
value of the polarization Hamiltonian, which is for the
convenience split into the nuclei part and the electron part,
just like the Hamiltonian for the electrostatic interactions,
giving
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pol
E QM/MM

222 md?Tac Zm
——ZZM‘“‘“/ o(r)dr e1)

where Z" is the nuclear charge on the atom in the QM
region and the remaining parts have already been defined
earlier.

The van der Waals interactions are given within the
Lennard—Jones potential as in the MM treatment, although
the summations are slightly different.

B
de ms
E E 22
QM/MM |R — R |12 R, — RS\G (22)

s=1 m:center

where A, and B, are the interaction coefficients, and the
summations cover the van der Waals interaction between
the nuclei m and the classical sites s.

2.2 DFT/MM

Finally, the combined method of DFT and MM can be
introduced as the total energy divided into three terms,
where the energy is written as a function of the electron
density.

Elp] = Emmlp] + Eprr[p] + Eprrvm[p] (23)

The second term depends on the chosen functional, and the
first term can be divided into

Esmi[p] = Exp + ExpulP] + Eniny (24)

and we found that only the polarization energy depends on
the electron density, which is due to Eq. 14 with the
induced dipole moment defined as [64]

md $ Z OC“ thot rs
= Z s (Fj(e) + Fj (1) + Fy(r) + Fj(x,))

(25)

where the electric fields are defined as
Fi(r,) = / 7! p(r)dr (26)
r,) = Z T 7, (27)

Y 70

s#£s'

md v Z Z T,B;",,’M;ndg’ (29)

s'#£s )

where it is obvious that F ;}(rs) contributes with the
dependence of the electron density to the induced dipole
and hence to the polarization energy in the MM region. The
electrostatic energy Ef(,l[M and the van der Waals energy
E} were found to be independent of the electron density
and can therefore be ignored in the optimization of the
electron density.

The energy contribution from Eprrv 18 likewise split
up as in the general QM/MM method where we found the
electrostatic energy and the polarization energy to depend
on the electron density

1 vdw
Eprrmm(p] = E]eJIFT/MM [o] + EPDOFT/MM [o] + EDdFT/MM

(30)

and hence only the van der Waals energy in the DFT/MM can
be ignored according to the optimization of the electron
density. Note that the van der Waals contribution does not
come from the DFT expressions but due to the DFT/MM
calculation. However, as mentioned previously, the
polarization and the electrostatic energy can be separated
into a nucleus-dependent part and an electron-dependent part,

and hence EDFT MM and E]p)‘;ir”;M

optimization. Further, the electric fields arising from the
nuclei in the QM region F/ (ry) and the charges in the classical

v can be ignored in the

region F ;3 (ry) can be ignored. The only contributions left to the

electron density optimization are Ejgy, ENu v and
E% and collecting these terms gives rise to the DFT/

DFT/MM>
MM interaction functional vpgrvm given by

VDFT/MM = Z Z Z(MmdsT“ !

s s >s afy

d,s o d, U ind sy
— s (,uﬁ + ulﬂn v) +§uly“ ST&'@},)

—/p( Z( sl +Z< s+ ZTiﬁ®iﬂ>>dl‘
——Zzu‘“dv/ *p(r)dr (31)

ind,,s

where ;' is the reduced induced dipole moment ,ui;‘d”‘ =

ocjxﬁ(FgOl"(rx) + Fy(ry)). We combine this with the Kohn

Sham vacuum energy from vacuum DFT, and we obtain
the total energy functional as

Etotal [,0} = Evacum [,0] + VDFT/MM [P] (32)

3 Response theory

A majority of all experiments carried out on molecules can
be understood as the interaction of a molecule with an
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electromagnetic field [68—70]. The term electromagnetic
field can be illustrated in several ways: the static external
electric field in a capacitor, an oscillating electric field and
a magnetic field of electromagnetic radiation, an electric
field due to another molecule nearby and so on.

The desired molecular properties in this presentation can
be obtained using linear response theory, where the
response functions are derived from time-dependent per-
turbation theory. This is done for an exact state, where it is
required to know the exact eigenstates of the unperturbed
Hamiltonian, but since it is not possible we also introduce
methods of approximate states and it should be noted that
second quantization is used [68-71].

3.1 Perturbation theory

In the presence of a time-dependent field F, one has to find
solutions to the time-dependent Schrodinger equation.

=H(1)lr) (33)

where the Dirac notation has been used for the simplicity
indicating the time-dependent wave function |¢). The total
Hamiltonian of the system is composed of an unperturbed

., 0
lh§|t>

time-independent part H®) and a perturbed part V(z) :

H(it)=HY + V(1) (34)

where V(f) describes the interactions between the system
and the field F causing the perturbation. It should be noted
that the total Hamiltonian is only time-dependent in the
presence of a time-dependent perturbation. In the state
without perturbation, referred to as |0), it is assumed that
|0) is an eigenfunction to the unperturbed Hamiltonian.

)10y = E[0) (35)
and generally we have
Oln) = E,|n) (36)

The perturbation will be adiabatically switched on in
order to avoid any transient effects, and to ensure the

adiabatically switching on of the field, a positive
infinitesimal ¢ is incorporated. Taking the Fourier
transformation of V/(z), we obtain
= VOFye e (37)
(6]

where the integrals have been replaced with discrete sums
due to a monochromatic perturbation i.e., a constant fre-
quency o. Further, the summation over the Cartesian axes
is implied. F;, are the Fourier amplitudes of the field along
the molecular axis o, where the exponential function is the
time-oscillating component; hence, the field is considered
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to be composed of a static component multiplied with a
time-oscillating part, and \7;" could be the electric dipole.

What is left to determine is how the wave function
evolves in time and this event depends on the chosen
parametrization. In order to construct the time-dependent
wave function, the following parametrization has been
chosen.

Zd

In the reference state |0), the coefficient d, is simply
Kronecker delta and only contributes when n = 0. When
inserting Eq. 38 into the Schrodinger Eq. 33 and
multiplying both sides of the equation with the ket |m)

m|lh Zd

= (ml( H<° +V(t

—zE r/h (38)

e iEn t/h

Zd

First, the right-hand side, (RS), of the equation is expanded
and thereafter the left-hand side, (LS).

—lE t/ﬁ (39)

RS = (m|(H Z dy(1)e 5| (40)
m|H Zd —iE, t/hln
+ (m|V(t Zd et/ (41)

The left-hand side of Eq. 39 expanded:

LS = m|1h Zd
od,(t) _; iE)\
= <m|1h Z (%e iE,t/h + dn(l) (_ %)e E,,t/h) |I’l>

—zE z/h > (42)

(43)
6d,l » B
= ih Z e E M)+ " (m|dy (1) Eye /")
(44)
@d ( ) —iE,t/h -
_ iE, H(O iEqt/h 4
i + Z mld,(t In) (45)

Setting RS = LS, some contributions vanish and we

obtain:

lh adm() 71E,,,I/h

o (m|V(t Zd
=" m|V(0) n)d,(1)e " ) (47)

n

= Z an(t)dn (t)eiiE”t/h|n> (48)

n

e iEn t/h > (46)
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which is rewritten as WO Q@) = WO1Qy?) (58)
Z Vi (£)dy (1) En=En)e /1 49)  +wQw®) + 1) (59)

+-- (60)

The equation is solved by considering expansions of the
coefficients in power of series of the perturbation:

dy(t) =d +dV (1) +dP (1) + - (50)

where the solution to the Nth order is
1 ,
N _ N\ J(N=1) ( 2\ I En—E)t [1 3.0
dy(0) = / > V() (¢)e ' (51)

with the corresponding wave function

(@) = WO @) + @) + D) + - (52)

where the Nth order wave function is given by

M)y = dM (e n) (53)

Since we are only interested in the linear response in this
presentation, only the first-order solution is given;
however, higher-order solution can be obtained if the
procedure is repeated. The first-order solution is given via
Eq. 51 where it should be noted as previously that d° = dy,

1 - mn
m lh / Z m|ZV0)]lee it Et‘n> io, té() dl

w1
(54)

= 71 wei(ﬂ)nm*w])tete (55)

h o Wy — W] —

where w,,, = (E,, — E,)/h, and Eq. 37 has been used for
V,un- Finally, the first-order corrected wave function can be
written if Eqs. 53 and 55 are combined.

() = W @0) + 1" (@) (56)
|O 7lEot/h h Z Z wnlvm|0 FU 710)[ete|n>e*iEol/h
n0 — -

n ()

(57)

where w = w,; since only the linear perturbation is con-
sidered and hence only one field with one frequency.

3.2 Exact state

In order to determine the properties of interest, the time-
dependent expectation value of the given observable has to be
evaluated and this gives rise to the response functions. Let Qbe
the operator of the observable of interest, such as the electric
dipole moment. The following expansion is considered

and this expansion can be continued, but will not be
considered in this presentation. Taking the Fourier
transformation, we obtain

(W(OIQI (1)) = {0/Q0) (61)
Y U V) Fe et (62)
+-o (63)

From the above equations, it is seen that the first-order
properties are simply given by the expectation value of the
operator of interest with respect to the reference state. The
second-order properties are given with respect to the first-
order correction to the expectation value evaluated by
insertion of the zero-order wave function as well as the
first-order correction given by the combination of Egs. 55
and 53.

@ = ) + <v/<°>|fz\w<“>
|V \0>le _ _
0 lEot/hQ el(w,yufwl)tee[esz,,I/h n
| Z (Z)I: Wpo — W] — | >
_ Z |n>[F } e—i(w,,o—(m)teezeiE,,t/h<n‘Qeieq/h‘0>
h o 60,1076014’!6
(0]Q|n){( n|V”1 |0) .
- _ Z Z Fro, e—m),teet
o Wpo — W] — 1€ B
0|V§" n) (n|20)
72 Z [ ()1}* twlr et
o Wy — ] + i€
== Z Z O|Q|n n|le ‘O> <0|V/;0] |n> <l’l|f2|0> mle*iwﬂeit
o Wpo — — i€ Wyo + 01 + i€
(64)

where it has been used that o runs over both negative and
positive frequencies and the fact that the field is real and
thereby F® = [F~°]".

The second-order properties, or linear response function,
can now be expressed by Eq. 63 as

(01QIn) (n| V5 |0)

Wy — W —

(07 |n) (n]©]0)
Wno + o + i€

(65)

(@) = -2

n

The properties of interest can now be obtained if the
excitation energies as well as the transition moments are
known.

If we wish to obtain the polarizability tensor o, the

substitution of Q = it, and Vﬁ’ = —[ip is made.
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O(a/)’ w;

(0|, |m) (n|f10)
Wpo +  + ie

(O], |m) nlup|0>
hz{ Wpo — O — +
(66)

where the subscript in the summation indicates that we
exclude the sum over the ground state, hence only sums
over excited states.

3.3 Time-dependent DFT

In case of exact state, the eigenstates of the Hamiltonian of
the unperturbed system were known; however, this is not
the case in approximate state response theory, and thereby,
the reference state is made by an approximation depending
on the chosen quantum method. In this presentation, DFT
is considered, and therefore, the linear response function is
expressed within time-dependent density functional theory,
TD-DFT. Further, the second quantization will be used
[58]. It should be kept in mind that the expectation value of
an operator is still at interest, like in the previous section,
but for the simplicity e is neglected in the following.

The Kohn—-Sham reference determinant is built from an
unperturbed Kohn—-Sham determinant and an exponential
parametrization of the time-evolution antihermitian oper-
ator k(¢) in the following manner:

DS ()) = e O PG (67)
with the unperturbed determinant defined as

|‘PKS H _|vac) (68)

where a;rg is the creation operator, which adds electrons to
the vacuum state.

The time-evolution operator is defined as
k(1) = Z Kpq (1) Epg = Z Kpq (1) Z AR (69)
pq Pq o

with 44, being the annihilation operator, which removes
electrons from an orbital p or ¢q. The excitation operator is
therefore composed of operators removing and adding
electrons from different orbitals, and furthermore, it should
be noted that the reference determinant satisfies the
equation:

SN 0
(H+ V(0)|¥*(1)) = i, [P (1)) (70)
where the Hamiltonian in the Kohn—-Sham model is
represented by

ﬂzzyﬁm) (71)

and depends implicitly on time due to the time-dependent
electron density and f (r; , ¢) is the Kohn—Sham operator.
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To obtain the time-dependent electron density, we have to
introduce the density operator:

= Z ¢;(r)¢q(r)épq (72)

and evaluating the expectation value of the operator
p(r,1) = p(r)e V() (73)

where the exponential of an operator is equivalent to the
Taylor expansion of exp:

efc(t) — Z km(t) (74)

m!
m

(e

With this expansion up to second term, Eq. 73 can be
expanded in a Baker—Campbell-Hausdorff expansion:

p(r, 1) = (FG|(1+&(£)p(r)(1 = &(0))¥(5) (75)
= (YR 1p()[¥E) + (PG &(0p () ¥(E)

= (PR ¥E) (76)

= p(r,0) + ()| [&(0), p(0)]|¥) (77)

where the non-linear terms have been neglected.
The time evolution operator is expanded in powers of
perturbation in order to obtain the parameters ¥, (f)

ik(t) = &) + & @) + - - (78)

where the respective term can be expressed as its Fourier

transformation, but only the linear perturbation is
considered:
i) = [ e o (79)

For a monochromatic perturbation, the integrals would be
replaced with sums.

The perturbed density matrices up to first order can now
be introduced by combining Eqs. 78 and 77 yielding:

DY) = (¥ 1Eng |5 (80)
DY) = (WIS [R1 1), By IWS) (81)

with the n’th order correction

P (r,1) = §:¢ (). (82)

3.3.1 The Kohn—Sham operators

In order to proceed, the Kohn—Sham operators have to be
evaluated in the perturbation; hence, expanding the oper-
ators in order of perturbation and the Kohn—Sham Hamil-
tonian is dependent on the electron density and thereby, it
needs to be expanded in order of the perturbation.
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T L i 8 qwsfa [k, 0] ] ) "
n n prq

with + o (¥ [q, ’%(w)} ¥(0) =

A KS|Ta Y7o KS

£ = Sughpg + 2+ (84) —(¥iol[a, Ve o) 1Y) (94)

The first contribution is the one-electron integral over the
kinetic energy and the nuclear attraction

1 Z,
h,, = ——V? 1
g <¢’p ) +§a:|l'*Ra|
The second term is the n’th order Coulomb interaction

j;,’;) = ZgﬂqrsDxl) (86)

d>q> (85)

with g, being the two-electron integral

8pqrs = <¢p(l)¢r(2)

¢q<1>¢s<2>> &7)

1
ri2
The n’th order exchange-correlation potentials are
Vg = (D05 (r,0)| ) (88)

which depends on the chosen DFT functional.
3.3.2 Linear response

In order to determine the evolution parameters kg, the
Ehrenfest method is used, where we set up equations to
determine the first-order term of Eq. 78 and hence the
linear response functions. This is done by considering the
time development of the expectation value of a given
operator. On the basis of “Appendix”, we obtain

~ i v L0
<‘I’ﬁ)s)|{q,e <H+V(r)—z§)e ]‘Pf(oSQ:O (89)

with q representing the vector collecting the excitation
operators qu

=
Il
oo

;)q (90)

To obtain the linear response functions, Eq. 89 is expanded
to first order (see “Appendix”) giving

(P [a, [0, 8]+ A0 wE)

(o1)
+ i [0, kO] wES) =
(S [, V()] S (92)

By Fourier transformation of Eq. 92 into the frequency
domain, we obtain

To carry out the above equation in matrix structure, we
start by expressing the first-order parameters in matrix
form:

K = ( ) 'qu o ) 'AC;” =g (95)

Right-hand side of Eq. 94 is expressed as the following
perturbation vector

Ve = (iIa, Ve m]IYE) (96)
The left side can be expressed as the following

Ex” = (¥l |a [A0,&)] - 0] |9E5) (97)
and the overlap matrix S

S = (¥ [a. 4] 1Y) (98)

which can be recognized as the second term in Eq. 94 with
Eq. 95 substituted in.
Finally, we have Eq. 94 expressed as a matrix structure

(E — wS)k” =V® (99)

The linear response functions can now be obtained
considering Egs. 63 and 77

(€, V) = (¥ [, 9] 1) (100)
= (WS @', ) 1) (101)
= (¥ a, Q1w (102)
— (i1 a!, Q|| ¥ (B - 08) v (103)
= —Ql(E - wS) 'V (104)

with

Q= (¥l Q| v (105)

where the two vectors Q and V® are denoted as property
gradient vectors and give the desired properties just
as Eq. 65 in the exact state theory. We have now
obtained a method within DFT to calculate the desired
properties.
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4 Summary and conclusion

Our strategy for investigating by theoretical and computational
approaches how sandwiched organic molecules can transport
electrons between metallic electrodes involves the determi-
nation of molecular structure of the molecules in vacuum and
between two metal electrodes. Our previous investigations
have utilized methods that are available within two standard
quantum chemical program packages that are Gaussian [72]
and Dalton [73]. We have previously performed calculations
on two molecules 1,4 benzenedithiol (OPV1) and 4,4’ stielben-
dithiol (OPV2), and the calculations were performed under
different circumstances. We perform several geometry opti-
mizations with different basis sets and functionals, and based
on these results, we select the molecular geometries further
calculations. We perform for the selected molecular geome-
tries calculations in vacuum and in the junction for five redox
states @ = 0, & 1, =+ 2 to obtain the total energy, for which
the junction calculations include the polarization energy.
Furthermore, we utilize the described QM/MM response
method for calculating molecular properties, such as the
polarizability o and the excitation energies, of the organic
molecules within the junction. On the basis of the calculated
total energies, excitation energies, and polarizabilitites of
organic molecule, we are able to calculate the conductance as a
function of bias and gate voltage, hereby obtaining the harle-
quin pattern of Coulomb blockade diamonds. Furthermore, we
are able to investigate the effect of including or excluding
terminal hydrogens on the organic molecule and how changes
in the molecular structure due to the different redox states
affect the conductance as a function of bias and gate voltage.
Our future work will focus on the utilization of this strategy on
larger organic molecules, and thereby, we will be able to
compare our calculated conductivity behavior directly with
experimental observations. For the situations where it is crucial
to address the chemical bonding between the molecule and the
nanoparticles, it is important to include some of the nearby
metal atoms in the quantum mechanical part of the system. The
modeling of interfacial effects between nanoparticles and
organic molecules is important to include dipole- and qua-
dropole interaction terms.
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Appendix

The Ehrenfest method used in the response theory section
can be derived in the following manner where the time
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development of the expectation value of the following
operator is represented by

Q(t) — k() Qeﬁ'(l)

Considering the expectation value of the commutator between

(106)

Q(t) and the operators in the Schrodinger equation yields

([0, HD)llr) = <tl[Q(t),i§]|t>

with |¢) being the time-dependent wave function. As

(107)

mentioned in the section on response theory, |f) = e*()|0)
and Eq. 107 can be expanded as

<0 k() (ek(') 0e ) (Hi) + V(1))
Zk() Auk

i%e—fc(t) Qek(t)

and by rearranging, we obtain

(0] Qe () + V (1))e ™ 1) =X (H o)+ V (1))e ™ 0]0) =
0 _. S B INA
= e Rt _ GR(1); Z a—R(1)
(0Qe" ) zte e"Wiz e 00) (111)
and we rewrite as
(01[0, €0 gy + V(1))e™] 10)
— 1] Q. ig e ) (112)

Collecting the terms on the left-hand side

<HQ <)+V() gt)efc(l)”o>:0 (113)

and remembering that the exponential function can be
expanded as e = 1+ k(r) +

(] [@: (A +v0-i)] o)
(ol [0 (w15 +--

—0 (114)

- we obtain

In the following, it will be useful to know the following
commutator
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where k*(1) = &.

By expanding Eq. 114 in orders of first-order perturba-
tion and neglecting higher-order terms, we obtain:

{ol[2. (35 + V)] o) a
(el )

where it should be remembered that V(7) is of first order
and we rewrite this as:

(o] 2. (#6) + vo)]o)

(116)

<

Using Eq. 115, it can be written as

(ol (A + Vo) o)
A(O) . A
+{o|| [0} + 0] [0, (1)
Since the frequency domain is of interest, we perform a

Fourier transform but first we start by rearranging the
equation:

tQ)
—
Poed
—~
~—

Jlo) =0

(118)

(119)

The Fourier transform of the equation brings it into the
frequency domain we start by multiplying by e’ and
thereby taking the integral one the time-dependent terms.

(ol @[] - ] [o) =i (o) |0, [ are| o)
= (0[[2.v°] o) (120)

The second term can be solved considering the partial
integration and remembering that the first term can be

neglected
0
/dt el(ul .( ) — /|:&etmt:| K
elle(f) dl

= —iw

= —iwk”

(121)

Eq. 120 can now be written as:
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